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Exercise 7.1
Let H = L2(Rn,C) and F : H −→ H be the Fourier transform. Show that σp(F) = {±1,±i}.

Hint: Apply the Fourier transform several times to the eigenvalue equation. Compute the Fourier
transforms of functions of the form x e−x

2
, (1 + x2) e−x

2
and x (1 + x2) e−x

2
.

Proof: The eigenvalue equation reads Fu = λu for some u ∈ H and λ ∈ C. Applying F three times
again results in u = λ4 u and therefore σp ⊂ {±1,±i}. It remains to find an eigenvector for each
potential eigenvalue.

Define G(x) := e−
1
2
|x|2 , then we know that FG = G and thus 1 ∈ σp. We also find for j ∈ {1, . . . , n}

∂jG(x) = −xj G(x), ∂2jG(x) = (x2j − 1)G(x), ∂3jG(x) = (3xj − x3j )G(x). (1.1)

We can use this information to construct eigenvectors. We get

F [xj G(x)](ξ) = i ∂jFG(ξ) = −i ξj G(ξ) =⇒ −i ∈ σp(F),

F [(−2 + x2j )G(x)](ξ) = −2FG(ξ)− ∂2jFG(ξ) = −(−2 + ξ2j )G(ξ) =⇒ −1 ∈ σp(F),

F [(2xj − x3j )G(x)](ξ) = i (2ξj + ξ3j )G(ξ) =⇒ i ∈ σp(F).

(1.2)

(1.3)

(1.4)

Altogether we have shown σp = {±1,±i}. �
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Exercise 7.2
Let j ∈ {1, . . . , n} and let f ∈ L2(Rn,C). Show that there exists a unique solution u ∈ H1(Rn,C)
such that (i± i∂j)u = f almost everywhere in Rn.

Proof: Apply the Fourier transform to both sides to find

û(ξ) =
f̂(ξ)

i± ξj
. (2.1)

Since ξ ∈ Rn, the right hand side will never be zero in the denominator and remains an L2-function
by Hölders inequality. Fourier inversion then yields the unique solution. �
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Exercise 7.3
Let X be a Banach space and T ∈ L(X). Let f : Rn −→ X be Bochner integrable. Show that Tf is a
Bochner integrable function and that∫

Rn

Tf(x) dx = T
(∫

Rn

f(x) dx
)
. (3.1)

Hint: A quick repetition of the Bochner integration theory: A function g : Rn −→ X is called simple
if there exist finitely many Lebesgue measurable sets {Aj}j with |Aj | <∞ and elements {αj}j ⊂ X,
such that g =

∑
j αj χAj . For simple functions we define the Bochner integral∫

Rn

g(x) dx :=
∑

j
αj |Aj |. (3.2)

A function h : Rn −→ X is called Bochner measurable if there exists a sequence (gk)k of simple functions,
such that gk → h pointwise almost everywhere. A Bochner measurable function f : Rn −→ X is called
Bochner integrable if there exists a sequence of simple functions (gk)k, such that gk → f almost
everywhere and ∫

Rn

‖gi(x)− gj(x)‖ dx→ 0 as i, j →∞. (3.3)

We then define the Bochner integral of f via∫
Rn

f(x) dx := lim
k→∞

∫
Rn

gk(x) dx. (3.4)

In order to show the statement: consider first simple functions and then go to the limit.

Proof: Let us first show the statement for simple functions, then we know that there exist finitely
many measurable sets {Aj}j with |Aj | <∞ and {αj}j ⊂ X such that f =

∑
j αj χAj . Then we have

Tf =
∑

j Tαj χAj and it holds∫
Rn

Tf(x) dx =
∑
j

Tαj |Aj | = T
∑
j

αj |Aj | = T
(∫

Rn

f(x) dx
)
. (3.5)

Now, let f be Bochner integrable and let (fj)j be a sequence of simple functions, such that fj → f
almost everywhere and

∫
Rn ‖fi(x)− fj(x)‖dx→ 0 as i, j →∞. Then (Tfj)j is a sequence of simple

function and we have∫
Rn

‖Tfi(x)− Tfj(x)‖ dx ≤ ‖T‖op
∫
Rn

‖fi(x)− fj(x)‖ dx→ 0 as i, j →∞. (3.6)

By continuity of T , it also holds Tfj → Tf almost everywhere, so Tf is Bochner integrable and it
holds ∫

Rn

Tf(x) dx = lim
j→∞

∫
Rn

Tfj(x) dx
(3.5)
= T

(
lim
j→∞

∫
Rn

fj(x) dx
)

= T
(∫

Rn

f(x) dx
)
. (3.7)

This was the claim. �
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