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Exercise 2.1
Let H be a separable Hilbert space and let A : D(A) −→ H and B : D(B) −→ H be two symmetric
operators such that A ⊂ B. Show that B∗ ⊂ A∗ and conclude that any symmetric extension of a
self-adjoint operator is the operator itself.

Exercise 2.2
Let H be a Hilbert space and A : D(A) −→ H be a symmetric and closed operator. In this exercise
we want to show that the function λ 7−→ dim ker(A∗ − λ id) is constant on the half spaces C± :=
{λ ∈ C : ±=(λ) > 0}. We will restrict ourselves to the upper halfspace C+, the argument for C− is
analogueous.

a) Let M,N ⊂ H be closed subspaces such that M ∩N⊥ = {0}. Show that dimM ≤ dimN .

b) Let λ ∈ C such that =(λ) 6= 0. Show that ran(A− λ id) is closed.

c) Let λ ∈ C+ and µ ∈ C such that |λ−µ| < =(λ). Show that ker(A∗−µ id)∩ker(A∗−λ id)⊥ = {0}.

d) Show that λ 7−→ dim(A∗− λ id) is locally constant on C+ and conclude that this map is actually
constant on the whole halfspace C+.

Hint: Recall the identity ‖(A− λ id)x‖2 = ‖(A−<(λ) id)x‖2 + =(λ)2 ‖x‖2. You can use that it holds
ran(A∗)⊥ = ker(A) for closed operators. In order to show c) use an indirect proof.

Exercise 2.3
Let H := L2((0, 1),C), D(A) := H2

0 ((0, 1),C) and D(B) := H1
0 ((0, 1),C). Let ε > 0 and define the

operators A : D(A) −→ H and B : D(B) −→ H via

A := −
( d

dx

)2
, B := iε

d

dx
. (3.1)

Show that A+B : D(A) −→ H is a self-adjoint operator.

Hint: Recall Young’s inequality: ab ≤ ap

p + bq

q for 1
p + 1

q = 1 and a, b > 0.

Exercise 2.4
Let H = L2(Rn,C) and A := D(A) −→ H be a self-adjoint operator. Let ψ ∈ C1([0,∞),D(A)) be a
solution to the time-dependent homogeneous Schrödinger equation

i
d

dt
ψ(t) = Aψ(t) for all t > 0 (4.1)

with initial data ψ(0) = ψ0 ∈ D(A). Let ‖ψ0‖ = 1. Show that ‖ψ(t)‖ = 1 for all t > 0.

Submission: Friday, 11/08/2019 no later than 2 pm in INF205, box 57. 1

mailto:denis.brazke@uni-heidelberg.de
mailto:snill@mathi.uni-heidelberg.de

